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High-order accurate discontinuous Galerkin (DG) methods have recently become popular
for the simulation of a wide range of flow problems. However, for shocks and other discontinu-
ities, these methods have to be stabilized by techniques such as limiting or artificial viscosity,
leading to a first-order accurate method that requires very aggressive mesh adaptivity and a
large number of elements. This work uses an alternative tracking-based technique for accurate
solutions of these problems. Inspired by the fact that the DG method allows for discontinuities
between all the mesh elements, we formulate a so-called r-adaptive method which moves the
mesh in order to align the mesh edges with the jumps in the solution. This has the potential to
obtain high-order accuracy with drastically fewer elements and lower computational cost. The
proposed tracking method is based on a PDE-constrained optimization formulation, where the
representation of the curved high-order mesh is used as optimization variables, the high-order
DG discretization is enforced as a constraint, and the objective function is a discontinuity
indicator with properties that make it well-suited for a gradient-based optimizer. A full space
solver is used to converge the mesh and the solution simultaneously and it does not require
solving the discrete PDE on intermediate non-aligned meshes. In previous work, the objective
function also included a penalty term to regularize the element qualities and prevent inversion.
This introduces a problem-dependent parameter which is difficult to determine, and it also
leads to a compromise between the tracking objective and the element qualities. In this work,
the mesh qualities are instead controlled by nonlinear constraints, and the shock tracking
objective function is minimized among a large class of deformed meshes that satisfy a given
quality condition. The mesh quality parameter in this formulation is easier to prescribe and
it is essentially problem independent. Furthermore, it allows for a more precise minimization
of the tracking objective function and potentially more accurate solutions. The method is
demonstrated on Burgers’ equation in 1D and supersonic flow around a cylinder in 2D.

I. Introduction
While it is clear that the discontinuous Galerkin (DG) and related high-order methods [1–3] are getting sufficiently

mature to handle realistic problems in aerodynamics, they are still suffering from the lack of nonlinear stability. This
limits their impact on many important applications, in particular ones involving shocks since even small oscillations in
the solution can cause non-physical results.

Several approaches have been proposed for handling shocks. One simple method is to use a sensor that identifies the
elements in the shock region and reduces the order of interpolating polynomials [4, 5]. This is usually combined with
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h-adaptivity to better resolve the shocks, and it can be quite satisfactory for in particular steady-state problems. More
sophisticated approaches include limiting, for example based on weighted essentially non-oscillatory (WENO) concepts
[1, 6]. Another popular approach is the artificial viscosity technique for subcell shock capturing presented in Ref. [7]
and [8]. Inspired by the early artificial viscosity methods [9], this approach has proven to be surprisingly effective in
the context of high-order DG methods. The method combines a highly selective spectral sensor with a consistently
discretized artificial viscosity added to the equations. This smoothing of the discontinuities gives a number of important
benefits, such as fully converged steady-state solutions and smooth behavior of moving shocks.

However, shock capturing techniques such as limiting and artificial viscosity all have the drawback that the accuracy
is reduced to first order in the affected elements, which leads to a formal first order global accuracy. While this can be
partially offset with appropriate h-adaptivity, in particular using anisotropic elements around the shock, it does pose a
major limitation and makes it unclear if high-order methods can be competitive for these applications.

Recently, we introduced an alternative approach for handling shocks in a high-order DG method [10], which is
more closely related to shock tracking and r-refinement than shock capturing. It is based on the observations that
if a (curved) face of an element is perfectly aligned with a shock, the approximate Riemann solver will provide the
appropriate stabilization and allow for high-order approximations of the solution on both sides of the discontinuity. The
difficulty with these methods is that the DG method without additional stabilization is highly sensitive to the location
of the elements, and a very small mismatch will in general result in oscillations and prevent convergence. Instead we
recast the nonlinear, discrete equations as a PDE-constrained optimization problem where the objective function is an
appropriate shock indicator, the constraints are the DG discretization of the conservation law, and the optimization
variables are the discrete PDE solution and the positions of the nodes of the mesh. The mesh deformation is handled by
transforming the conservation law to a fixed reference domain through a diffeomorphism. This means the mesh nodes
will be aligned in a consistent way with the current numerical solution (and not, e.g., the true physical position), but also
that we can obtain converged solutions using efficient constrained optimization methods.

In our previous work, the optimization objective function also included a penalty term to control the mesh qualities
and prevent inversion. While this generated good results, it introduced a problem-dependent parameter and led to
compromises in the minimization of the tracking indicator. In this paper, we present an alternative technique which
instead enforces the mesh qualities through nonlinear constraints. This allows for minimization of the tracking objective
function among a large class of deformed meshes where the elements satisfy a given quality constraint. This parameter
is more natural to prescribe and should be highly problem independent. We also expect this formulation to produce
more accurate mesh alignment with the solution discontinuities.

We review all the components of our framework, and in particular emphasize the details of our new formulation and
how the mesh quality constraints are incorporated. We demonstrate the method on Burgers’ equation in 1D and on the
Euler equations of gas dynamics in 2D for a supersonic flow problem around a cylinder.

II. Governing equations and spatial discretization
Consider a general system of Nc steady, inviscid conservation laws, defined on the physical domain Ω Ă Rd ,

∇ ¨ F pUq “ 0 in Ω, (1)

where Upxq P RNc is the solution of the system of conservation laws at x P Ω Ă Rd and F pUq P RNcˆd is the physical
flux. We assume that the solution U contains discontinuities, such as shock waves, in which case the conservation law
(1) holds away from these discontinuities.

A. Transformed conservation law on fixed reference domain
Following our previous work [10] where we use deformation of the computational mesh, and therefore the

physical domain, to track discontinuities, we reformulate the conservation law on a fixed reference domain, Ω0. Let
G : Rd ˆ RNµ Ñ Rd be a parametrized diffeomorphism defining the map from reference to physical domain (Figure 1),
i.e.,

Ω “ GpΩ0, µq, (2)

where µ P RNµ is a vector of parameters. Under the domain mapping (2), the conservation law becomes

∇ ¨ F pUq “ 0 in GpΩ0, µq. (3)
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Fig. 1 Mapping between reference and physical domains.

The conservation law on the physical domain Ω is transformed to a conservation law on the reference domain Ω0 using
the procedure in [11] to yield

∇X ¨ Fpu, µq “ 0 in Ω0 (4)

where ∇X denotes spatial derivatives with respect to the reference domain Ω0 with coordinates X . The transformed
state vector, u, and flux, F, take the form

u “ gµU, Fpu, µq “ gµF pg
´1
µ uqG´Tµ (5)

where GµpXq “ B
BXGpX, µq is the deformation gradient of the domain mapping and gµpXq “ det GµpXq is the Jacobian.

For details regarding the derivation of the transformed equations, the reader is referred to [11].

B. Discontinuous Galerkin discretization of transformed conservation law
A standard nodal discontinuous Galerkin method is used to discretize the conservation law (1). Let Eh,p represent a

discretization of the domain Ω0 into non-overlapping, potentially curved, computational elements, where h is a mesh
element size parameter and p is the polynomial order associated with the curved elements. The discontinuous Galerkin
formulation takes the form

ÿ

KPEh,p

ż

BK

ψ ¨ F˚pu, µ, Nq dA´
ż

Ω0

Fpu, µq : ∇Xψ dV “ 0, (6)

where N is the outward normal to the surface BK and F˚ is the numerical flux that ensures the flux is single-valued
along BK where u is multi-valued.

To establish the finite-dimensional form of (6), we introduce the isoparametric finite element space of piecewise
polynomial functions associated with the mesh Eh,p:

Vh,p “
 

v P rL2pΩ0qs
Nc | v|K ˝ TK P rPpK0qs

Nc @K P Eh,p

(

where PppK0q is the space of polynomial functions of degree at most p ě 1 on the parent element K0 and K “ TKpK0q
defines a mapping from the parent element to element K P Eh,p. For notational brevity, we assume all elements
map from a single parent element. Then the Galerkin weak form in (6) becomes: find uh,p P Vh,p such that for all
ψh,p P Vh,p

ÿ

KPEh,p

ż

BK

ψh,p ¨ F˚puh,p, µ, Nq dA´
ż

Ω0

Fpuh,p, µq : ∇Xψh,p dV “ 0. (7)

Finally, we introduce a basis tϕiu
Np

i“1 for PppK0q to obtain the discrete form of (7)

rpu, xq “ 0, (8)

where u P RNu is the vector of solution coefficients for all elements and x P RNx are the nodal positions of the
continuous, high-order mesh to ensure nodes co-located in the reference domain will be co-located in the physical
domain. With this notation, the continuous domain mapping is parametrized by µ “ x, i.e., Ω “ GpΩ0, xq. The
remainder of the document will use x to parametrize the domain deformation instead of µ.
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III. High-order shock tracking via constrained optimization
In this section, we present an optimization framework designed to align discontinuous features in a finite-dimensional

solution basis with features in the solution itself. In the discretization setting outlined in Section II, this amounts to
aligning element faces, where discontinuities are supported, with discontinuities in the solution. With the discontinuous
features tracked with element faces, very coarse high-order discretizations are effectively used to resolve the smooth
solution throughout the domain. To align element faces with solution discontinuities, a constrained optimization
formulation of the DG equations is employed that simultaneously seeks the DG solution, u, and the nodal positions
of the continuous (high-order) mesh, x, that minimizes an appropriate objective function and satisfies the discrete
DG equations (8). In addition, constraints on the distortion of the elements in the mesh are included to ensure the
mesh remains well-conditioned. Our previous work [10] included a penalization term on the mesh distortion in the
objective function, which led to a penalty parameter that was difficult to interpret and select. That is, small penalty
parameters are needed to ensure the shock is appropriately tracked, while moderate values are needed to keep the mesh
well-conditioned. Non-zero values of the penalty parameter inevitably leads to a trade-off between precision to which
discontinuities are tracked and quality of the mesh. Including the mesh distortion as a constraint ensures the objective
function is solely dedicated to shock tracking among the set of meshes that satisfy the distortion constraints.

A. Shock tracking optimization formulation with mesh distortion constraints
The goal of the tracking framework is to align faces of the DG mesh with the discontinuity. Since the discontinuity

is not known a-priori, a mesh cannot be constructed to explicitly conform to the shock. Instead, we consider a
parametrization of the nodal positions of the continuous, high-order mesh x “ xpφq “ Apφq, where φ P RNφ is a
vector of parameters. In the most general case, each degree of freedom of node of the mesh is an optimization parameter
and Apφq “ φ is the identity map; however, the mapping Apφq can be used to build any a-priori knowledge of the
shock location into the parametrization or steps that ensure the resulting mesh is well-conditioned, e.g., smoothing.

With this parametrization, the problem of solving the discrete PDE on a fixed mesh, i.e., rpu, xq “ 0 where x is
given, is replaced with the optimization problem

minimize
u, φ

fshkpu, xpφqq

subject to f Kmshpxpφqq ď f̄msh, K P Eh,p

rpu, xpφqq “ 0,

(9)

where fshkpu, xq is a shock-indicating objective function and f K
msh
pxq is the distortion of element K P Eh,p. This

optimization problem seeks to find the mesh xpφq and solution u that minimize fshkpu, xq while satisfying the
discretized PDE and mesh quality constraints.

B. Shock tracking objective function
An effective objective function for the optimization formulation in (9) must monotonically approach a (local)

minimum in the feasible set as x Ñ x˚, where x˚ is any mesh that aligns with the shock. While residual-based error
indicators are popular in the mesh adaptation community, we have observed that these fail to monotonically approach a
local minima. The indicator used in this work is the integrated deviation of the solution from the mean in each element:

fshkpu, xq “
ÿ

KPEh,p

ż

GpK, xq

›

›

›
uh,p ´ ūK

h,p

›

›

›

2

W
dV (10)

where the dependence of the finite dimensional solution uh,p on the discrete representation is implied, ūK
h,p

is the mean
value of uh,p over element K , andW P RNcˆNc is the symmetric positive semi-definite matrix that defines the local
semi-norm,

ūK
h,p “

1
|GpK, xq|

ż

GpK, xq
uh,p dV, |GpK, xq| “

ż

GpK, xq
dV . (11)

In this work, we only consider W “ eT1 e1 (density component). While this objective does not provably satisfy the
required objective function conditions, it seems to satisfy them in practice; see [10] for additional detail.
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C. Mesh quality constraints
The discontinuity indicator in (10) is not well-suited as the objective function in the discontinuity-tracking

optimization setting (9) in its current form because it is agnostic to a poor quality or inverted mesh that may arise
from certain choices of x. To avoid the mesh distortion that would result from solely minimizing fshk , we include
constraints on the elementwise mesh distortion in (9). Here, we define the mesh distortion as the deviation from the
uniform element in one dimension and utilize a common mesh distortion metric in high-order mesh generation [12, 13]
in higher dimensions

f Kmshpxq “

$

’

’

’

’

&

’

’

’

’

%

ˇ

ˇ

ˇ

ˇ

h0

|GpK, xq|
´ 1

ˇ

ˇ

ˇ

ˇ

d “ 1

1
|GpK, xq

ż

GpK, xq

¨

˝

›

›Gh,p

›

›

2
F

`

det Gh,p

˘2{d
`

˛

‚

r

otherwise,
(12)

for K P Eh,p , where r “ 2 is used in this work and Gh,p “
Bxh,p
BX

is the finite-dimensional deformation gradient.

D. Full space optimization solver
The optimization problem in (9) is solved using a full space approach that treats u and φ as independent optimization

variables and converges them simultaneously to their optimal values. This implies the solution of the PDE is never
required away from a discontinuity-aligned mesh x˚ and overcomes potential stability issues that would arise in a
reduced space approach that requires the solution of the PDE at unconverged (and therefore non-aligned) meshes.

IV. Applications

A. One-dimensional inviscid Burgers’ equation with discontinuous source term
The proposed high-order shock tracking framework is applied to the one-dimensional Burgers’ equation with a

discontinuous source term
B

Bx

ˆ

1
2

u2
˙

“ βu ` f pxq, for x P Ω Ă R, (13)

where β “ ´0.1 and

f pxq “

#

p2` sinp πx2 qqp
π
2 cosp πx2 q ´ βq, x ă 0

p2` sinp πx2 qqp
π
2 cosp πx2 q ` βq, x ą 0.

(14)

It can be shown that the solution of (13) is

upxq “

#

2` sinp πx2 q, x ă 0
´2´ sinp πx2 q, x ą 0.

(15)

The domain is taken asΩ “ p´2, 2qwith Dirichlet boundary conditions specified at both ends corresponding to the exact
solution, i.e., up´2q “ 2 and up2q “ ´2. The discretization of (13) proceeds according to the formulation in Section II
and the numerical flux is taken as the solution of the exact Riemann problem corresponding to the time-dependent
version of (13) without source terms (β “ 0 and f pxq “ 0).

The proposed discontinuity-tracking framework is applied to solve Burgers’ equation using very few high-order
elements. The full space optimization approach discussed in Section III.D is used with SNOPT [14] as the nonlinear
optimizer. The exact solution and initial guess for the solution, u, and positions of the mesh nodes, x, are shown in
Figure 2. The initial mesh does not align with a shock, which causes the standard DG solution (used as the initial guess
for u) to oscillate. The solution of the shock tracking framework using 11 quadratic elements is shown in Figure 3 for
several values of the upper bound on the mesh distortion, f̄msh . For large values of f̄msh , the mesh successfully tracks
the shock, as expected; however, the mesh becomes distorted as fshk favors large elements around regions where the
solution has a zero (or nearly zero) slope. As the value of f̄msh decreases, the quality of the mesh improves while still
tracking the shock. Eventually, the mesh quality constraint becomes too restrictive and the mesh cannot simultaneously
satisfy the element distortion constraints and track the shock. In this case, the optimizer returns a high-quality mesh
(required by the distortion constraints) that does not track the shock.
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Fig. 2 The exact solution ( ) to the inviscid Burgers’ equation in (13) and the corresponding initial guess
for the mesh ( ) and solution ( ) for the discontinuity-tracking framework on a discontinuous Galerkin
discretization with 11 quadratic elements.
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Fig. 3 Results of discontinuity-tracking framework applied to the solution of the inviscid Burgers’ equation on
a discretizations with 11 quadratic elements for a range of upper bounds on the mesh distortion: f̄msh “ 1.6`0
(top left), 0.8`0 (top right), 0.4`0 (bottom left), and 0.2`0 (bottom right), where `0 “ |Ω|{|Eh,p| “ 0.3636 is the
size of the uniform element. Legend: exact solution ( ) of the inviscid Burgers’ equation, mesh ( ), and
solution ( ) obtained from discontinuity-tracking framework. As the value of f̄msh decreases, the quality of
the tracking mesh improves until f̄msh “ 0.2 where the mesh distortion constraint is too restrictive that the mesh
cannot sufficiently deform to track the shock.
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Fig. 4 Reference domain and mesh with |Eh,p| “ 48 elements and polynomial orders p “ 1 (left) and p “ 2
(right). The blue circles identify parametrized nodes, i.e., nodal positions that whose displacements compose the
optimization variables φ. Only the displacement normal to the boundary are taken as optimization variables
for the two parametrized nodes that lie on boundaries.

B. Supersonic flow around two-dimensional bluff body
In this section, we study the performance of the proposed discontinuity tracking framework on two-dimensional

inviscid, supersonic flow around a circle. The geometry of the domain and reference mesh with |Eh,p| “ 48 elements
are shown in Figures 4 for polynomial orders p “ 1 and p “ 2. The flow is modeled by the two-dimensional steady
Euler equations

B

Bxi
pρuiq “ 0,

B

Bxi
pρuiu j ` pq “ 0 for i “ 1, 2,

B

Bxi

`

u jpρE ` pq
˘

“ 0,

(16)

where ρ is the fluid density, u1, u2 are the velocity components, and E is the total energy. For an ideal gas, the pressure
p has the form

p “ pγ ´ 1qρ
ˆ

E ´
1
2

ukuk

˙

, (17)

where γ is the adiabatic gas constant. The discretization of the governing equations proceed according to the formulation
in Section II and Roe’s approximate Riemann solver corresponding to the time-dependent version of (16) is used for
the numerical flux. All farfield and inviscid wall boundary conditions are weakly imposed using the Roe solver. The
incoming flow is taken as supersonic at Mach 2.

For simplicity, we use a simple mesh parametrization that does not include the position of all the nodes of the
continuous high-order mesh, but rather a well-chosen subset of these nodes. The remainder of the nodes are determined
through a linear operator that incorporates mesh smoothing. In this work, we use linear elasticity with prescribed
displacements at the parametrized nodes and in the normal direction along domain boundaries. The free degrees of are
shown in Figure 4 and lead to Nφ “ 12 for p “ 1 and Nφ “ 24 for p “ 2.

As a non-convex optimization problem underlies the discontinuity-tracking framework, the performance of the full
space solver relies on a quality initial guess. Similar to [10], we use homotopy in p to initialize the discontinuity-tracking
problems for polynomial orders beyond 1. That is, the discontinuity-tracking solution at polynomial order p is used to
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Fig. 5 Solution of two-dimensional Euler equations (density) with supersonic inflow M “ 2 using discontinuity-
tracking framework with polynomial orders p “ 1 (left) and p “ 2 (right). Both use a mesh distortion upper
bound of f̄msh “ 0.12. The deformed mesh provided by the tracking framework is included to show that
high-quality curved elements track the shock location.

initialize the solver at polynomial order p` 1. This requires a simple injection operation to transfer the solution u and
mesh xpφq to a higher polynomial degree.

The result of the discontinuity-tracking method using the above initialization strategy and the reference domain in
Figure 4 is provided in Figure 5. For all polynomial orders, the shock is tracked as well as possible given the resolution
limit of the mesh and the mesh distortion constraint, set to f̄msh “ 0.12 here. The solution for the p “ 1 mesh is clearly
underresolved and the shock surface is faceted since the elements cannot bend in the piecewise linear setting. The p “ 2
mesh delivers an accurate, smooth solution away from the shock and tracks the smooth, curved shock surface very well.

V. Conclusion
This document presented a high-order accurate, nonlinearly stable discontinuity-tracking framework for solving

conservation laws with discontinuous solution features. The method leverages the discontinuities between elements
present in the finite-dimensional solution basis in the context of a discontinuous Galerkin discretization to track
discontinuities in the underlying solution. Central to the tracking framework is a PDE-constrained optimization
formulation of the discrete conservation law whose objective pushes the mesh to align with discontinuities and
constraints ensure the discrete conservation law is satisfied. Additional constraints, often called “side constraints” in
the PDE-constrained optimization community, on the distortion of the elements of the mesh are included to ensure a
reasonably conditioned mesh is maintained while tracking discontinuities. The optimization problem is solved using a
full space optimization solver whereby the PDE solution and mesh simultaneously converge to their optimal values,
ensuring the discrete PDE solution is never required on non-aligned meshes. The merit of the method is established on
a one- and two-dimensional test problem where accurate solutions were obtained on coarse meshes.
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