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@ Introduction: Learning to Mesh



o Learning

Why meshing matters

@ Mesh quality controls accuracy, stability, and
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computational cost. e
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@ Successful algorithms combine geometry, topology, and \ 7 ' R
many special cases.

O
S

4
AN éhﬁ
ceer - . o - NSO, o0
@ Difficult domains still require expert choices and manual = ST *55{
tuni I ARy
uning.

A learning-based alternative

@ Treat mesh generation as a sequential decision process.

@ Replace a fixed sequence of heuristics by a learned policy.

@ Let the agent improve through experience on procedurally
generated problems.




n Process?

Meshing is not one prediction

@ Each edit changes the actions available next.

@ A locally attractive edit may block a better final
mesh.

@ Useful strategies are often sequences of
insertions, deletions, moves, or flips.

@ The number of vertices and elements changes

during the process.

Reinforcement learning asks the right question:
Which action should be taken now to maxi-

mize the quality of the final mesh?
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Problem

Starting point

Learned actions

Primary goal

Connectivity repair

existing 2D mesh

Polygon decomposition  boundary polygons

Node placement
Tetrahedral repair

boundary + Delaunay
existing 3D mesh

flips, splits, collapses
generic DCEL edits
move, insert, delete
2-3 and 3-2 flips

regular topology
chosen face type
geometric quality
escape local optima

Connectivity repair

S

Polygon decomposition

@ D L
@@@

Node placement

Tetrahedral repair




_nt Learning: The Agent—Environment Loop

Learn through interaction

At time ¢:
© Observe the mesh state s;. Y é
@ Sample an action a; from the
P ! ao
policy my(a | 50). Rewn
@ Apply the mesh edit. - Agent
@ Receive reward 7; and observe St;te ;eeward action
t t A
St+1- Rui ’
The environment enforces geometric <<
and topological validity.




_ions, Rewards, and Trajectories

The modeling choices

e State s;: a graph representation of the
current mesh.

@ Action a;: one valid local or global mesh edit.

.- . P(s41]8¢, a,
e Transition: edit the mesh, then update (a|s 0) (8t+1]8¢, ar)
L. Policy: Probability distribution State transition probability
connectivity and geometry. over actions
@ Reward r;: improvement in a task-specific _ H
T = 50,Q0,---,SH, @H R(r) =Y R(si, ar)
quallty Score. State — action trajectory Cumulative r;;(:nsoftrajectory

The interaction produces a trajectory

T= (SO,CLO,TO,Sl,al,Tl, CIE 73T)-




_ive: Final Quality, Not One-Step Accuracy

Cumulative reward and policy objective

The return measures cumulative reward:

7=l
G = Z vt U(0) = E[R(r); ] . _
o _ ZP(T; 0 R(r) 0" = arg énax U(9)

The policy objective is

J(G) - E‘rwpg (1) [GO]

@ ~ controls how far ahead the policy looks.

@ Telescoping quality rewards can make G|
equal the final improvement.

@ Delayed reward permits actions that only
help after several edits.




_ from Sampled Meshes

Policy-gradient idea

Increase the probability of actions that

produced higher-than-expected returns: U6) = P(r;0)R(r)

VoU(0) = ) VyP(T;0)R(T
Tl = Elzvelogﬂe(at | St)At] : oU(0) =3 VoP(TiO)R(T)
t —ZP VGP H)H)R(T)

=E [VelOg(P(T, 9))R(T)] ~ %Xm: Volog(P(r®;0))R(r?)
i1

The advantage A; compares an action with

what was expected in the same state.




Two learned functions

@ Actor: the policy my(a | s) scores valid

mesh edits.
@ Critic: Vy(s) predicts the expected return
ot v
and reduces gradient variance. e SRt
107 states
@ PPO: reuses sampled trajectories while
|Im|t|ng deStabIhZIng pOlICy updates. Tabular methods Sampling based methods
Iterative methods with - Monte Carlo Tree Search
This is the common optimizer in all four provableiconvergence = Dapil
projects; what changes is the mesh

representation, action space, and reward.




| Networks?

Meshes are graphs, not arrays
@ No preferred ordering of vertices, edges, or

elements.

@ Local neighborhoods vary in size and connectivity.

@ Message passing shares one local rule across the
entire mesh.

@ Geometric features can be made translation-,
rotation-, and scale-aware.

@ The same network can act on meshes larger than

those seen during training.

The network supplies the policy; the mesh data

structure supplies valid local neighborhoods and edits.J

Mesh State

Encoder

Decoder

s
éu(bi) = zi ép(2i) = @i, o;
N Convolutional Layer
Xiseij bi
Encoder
Convolution (x6,26) G(&S“ng) )
Convolution mij = de(2i, 2. ||xi —x;11%) |AXij = (xi —x;) tanh ¢ (mi;
Convolution
Convolution I
Decoder
xi.2i xi X+ by 25 Axiy 2 — ¢,, RO m.,)
Action Distribution Action Sampling
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_ised Training on Random Geometries

No labeled action sequences required

@ Generate a random domain or perturb a known
mesh.
@ Let the policy edit it for one episode.
© Evaluate the resulting mesh with explicit quality
metrics.
@ Update the actor and critic from the sampled <\:“3 &
The quality function is supervision: training does not

experience.

kS
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require an expert to provide the correct move at

every step.




e Part I: Learning to Repair Connectivity



Improve an existing 2D mesh

@ State: local mesh connectivity around a selected m
half-edge.

@ Actions: triangle or quadrilateral topological
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operations. 075 |
@ Score: deviation from desired vertex degree. 0301

e Training: random polygons, PPO, and

Mean returns
o
o
s

GPU-parallel environments.

-0.25 4

The goal is not to imitate a meshing code, but to R

=0.75 4

discover sequences that approach the best topology

-1.00 T T T T T T T T
o 250 500 750 1000 1250 1500 1750 2000

allowed by the boundary. Epochs




Edge flip: change connectivity Edge split: insert a new vertex Collapse: merge two endpoints

without changing vertex set. on an edge. and remove an edge.

Together these operations can move, create, and cancel topological irregularities.
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Local flip Split—collapse Global split

Global cleanup

Local edits rearrange irregularity; global edits add or remove an entire strip of quads.




Bound

Vertex irregularity

For desired degree d; and current degree d;,

Ai=di—di, s=) |A.
i
The signed sum gives a topology-dependent lower bound:

st = ZAi <s.
i

@ s* is invariant under the allowed mesh operations.
@ Reaching s = s* certifies that the agent is optimal

under this score.




w of an Unstructured Mesh

Half-edge representation
Pointer operations such as next, previous, and

twin provide a consistent traversal of local

topology.

Local template

The policy observes an ordered, fixed-size
neighborhood of vertex features around the

chosen half-edge.

(a)

(b)

(©




@ A shared half-edge feature extractor maps the local template to an embedding.
@ The actor scores the admissible operations; invalid actions are masked.
@ The critic predicts the expected remaining improvement.

@ Self-play on random polygons exposes the agent to many irregularity patterns.

NF X NUM. HALF EDGES i X O O

m(als)

softmax




















































Triangular meshing
Example 1
Step 16 (out of 27)










Triangular meshing
Example 1
Step 19 (out of 27)




Triangular meshing
Example 1
Step 20 (out of 27)




Triangular meshing
Example 1
Step 21 (out of 27)




Triangular meshing
Example 1
Step 22 (out of 27)




Triangular meshing
Example 1
Step 23 (out of 27)




Triangular meshing
Example 1
Step 24 (out of 27)




Triangular meshing
Example 1
Step 25 (out of 27)




Triangular meshing
Example 1
Step 26 (out of 27)




Triangular meshing
Example 1
Step 27 (out of 27)




Three snapshots from a 20-sided polygon:










13/1

Block mesh decomposition
Example 1
Step 2 (out of 19)
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Block mesh decomposition
Example 1
Step 3 (out of 19)
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Block mesh decomposition
Example 1
Step 4 (out of 19)
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Block mesh decomposition
Example 1
Step 5 (out of 19)
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Block mesh decomposition
Example 1
Step 6 (out of 19)
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Block mesh decomposition
Example 1
Step 7 (out of 19)
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Block mesh decomposition
Example 1
Step 8 (out of 19)
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Block mesh decomposition
Example 1
Step 9 (out of 19)
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Block mesh decomposition
Example 1
Step 10 (out of 19)
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Block mesh decomposition
Example 1
Step 11 (out of 19)
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Block mesh decomposition
Example 1
Step 12 (out of 19)
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Block mesh decomposition
Example 1
Step 13 (out of 19)
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Block mesh decomposition
Example 1
Step 14 (out of 19)
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Block mesh decomposition
Example 1
Step 15 (out of 19)
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Block mesh decomposition
Example 1
Step 16 (out of 19)
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Block mesh decomposition
Example 1
Step 17 (out of 19)



3/1

Block mesh decomposition
Example 1
Step 18 (out of 19)
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Block mesh decomposition
Example 1
Step 19 (out of 19)



.
——

Star-shaped domain L-shaped domain Double notch Multiple boundaries

The same policy handles convex, non-convex, and multiply connected domains.



-mmary: Learned Topological Repair

What worked
@ A mesh can be optimized by treating edits as actions in a
game.
o Half-edge templates turn changing topology into fixed-size
observations.
@ The learned policy discovers long sequences and reaches

close-to-optimal regularity.

A

What remains constrained
@ The input must already be a valid triangle or quad mesh.
@ The action set is specialized to each element type.
@ Geometry is secondary and handled mainly through

smoothing.

.




e Part II: Constructing Polygonal Meshes



-pairing a Mesh to Building One

Previous formulation: local repair
@ Start from a triangle or quadrilateral mesh.
@ Use element-specific operations.

@ Primarily optimize vertex-degree regularity.

A\

New formulation: constructive decomposition
@ Start from the boundary polygon itself.
@ Use one generic mesh-editing language.
@ Request triangles, quads, hexagons, or another target face

degree.

@ Combine topological and geometric quality in the objective.)




uage for Many Element Types

Four elementary DCEL edits
o Edge insertion: split a face into two.

o Edge deletion: merge adjacent faces.
e Vertex insertion: split an edge. Q ,<Z> @
@ Vertex deletion: remove a degree-2 vertex.

For target face degree f*:

e f* = 3: triangular decomposition,
@ f* = 4: quadrilateral decomposition,

@ f* = 6: hexagonal decomposition. e

The operations stay fixed; only the objective and trained

policy change.




d Geometry

Three complementary scores
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The combined objective is
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Local smoothing after each edit makes angle quality part of

the environment transition.




 Reusing the DCEL Idea with a Richer State

Local observation
@ Select the half-edge with highest local
irregularity.
@ Build a K-nearest neighborhood by BFS.
@ Record geometry, face degree, vertex

degree, angle, and edge length.

Actor—critic network

@ DCEL convolutions mix next, previous,
and twin embeddings.

@ Residual blocks increase the topological
field of view.

@ Invalid edits are masked before sampling.

feature extractor - L blocks
O ———

Kx5 Kxd Kxd

F N E N peet F N
P — <q:_) 0 P — regi[duka[ ...................... > L P
- T ¢ T
Rl o

) mask
action «— jnvalid «— <
logits actions =

value

state reduce (average) 9
head e

value




Self-play on random polygons ]
@ Train a separate policy for each target degree f*.

@ Sample polygon size and geometry from a

Average return

procedural distribution.
| YL

@ Terminate on zero score or an edit limit. ol s ; ;

6
Evaluation step

@ Tune PPO and network parameters with Optuna. () f=a

@ Evaluate with best-of-30 stochastic rollouts.

Average return

@ Colored markers identify remaining degree

-15

deviations. 2 : : : =

c
Evaluation step

@ Clean animations show only the construction ) f =3

sequence.

A







Boundary-only input sp=0,5,=2,59=10.4
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6403 -0 m-0v-1 s2ed 04 =0 m=Dv=1 2ed05 0m=0v=3

%

ed08 10 m-0v-0

#

2013 0 m=0v-2 s 14 -0 m=0v=4







Larger input outside the easy regime sp =0, s, =09, sp=206.5
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a1

-6 seed 02 f-

w11 2ed03 0m=0-6 s20d04 -0 m=0 -8 2ed05 0m=0y=6

ed08 seed07 2ed08 0m=0v-5 s2ed 09 -0 m: 2ed 10 -0m:
e 11 seed 12 f- 2013 0 m=1v-8 52014 0 m=01-0 21 0 m=0-7







Boundary-only input sp=0,8,=05, 5 =221



1l X F

ed01 0 m=0v=10 s20d02 -0 m=0 -5 2ed03 0m=0v-8 s20d04 -0 m=0v=3 S=ed05 0 m=0v=7
ed08 seed07 2ed08 (-0 m=0v=11 s2ed 09 -0 m: 2ed 10 -0m:

Wk ® &S

e 11 seed 12 f- 2013 0 m=0v-8 s 14 0 m=0v-6 21 0 m=0-7







Boundary-only input sp=0,58,=3, 59 =144



e X

ed01 0 m=av-5 5202 =0 m=3v=4 2ed03 (-0 m=1v=4 s2d04 =0 m=2v=4 s=ed05 0m=2v=2
ed08 seed07 2ed08 (-0 m=1v=1 s2ed 09 =1 m: 2ed 10 -0m:

Wk R

e 11 seed 12 f- 2013 0 m=2v-2 s 14 0 m=4v-3 2216 -0 m=5 =4




-I Summary: Constructive Decomposition

What changed

@ The agent begins with the coarsest geometry, not a pre-existing
mesh.

@ One generic edit language supports multiple target element types.

@ Face, vertex, and angle rewards couple topology with geometry.

What we learned

@ Quadrilateral decompositions are consistently strong.
@ Triangles are easy topologically, but the action bias limits geometric
quality.

@ Hexagons demonstrate flexibility but require stronger validity
constraints.




e Part Il: Learning Geometry and Node Placement



-ectivity to Geometry

A complementary problem

@ Previous agents primarily chose connectivity.
@ Here the topology is recomputed by Delaunay
triangulation.

@ The policy learns where vertices should be placed and

how many are needed.

Available actions

@ Move an interior vertex.
@ Delete an interior vertex.
© Insert at an edge midpoint.

Q Insert at a triangle centroid.




@ The state is the current vertex-edge
graph.

@ The stochastic policy proposes
continuous position changes and
discrete insert/delete events.

@ Boundary vertices are fixed.

@ Delaunay triangulation restores
connectivity after every step.

@ Repeating the step produces a

mesh trajectory.




Four normalized quality measures:
© Edge length ¢,
@ angle quality qq,
© element area ¢, s
© shape quality ¢, = 2pin/pout.-

The score S(s) is a weighted average, with reward

10

(=)

°

3
Volume Quality

=0.25

e = S(st41) — S(st)-

—0.50

=0.75

Therefore the episode return is the final 0

-1.00

- . . [ 2 4 6 8 10
improvement in mesh quality.



Mesh State Encoder Decoder
N ::;
b:
=%
=0
=0
¢b(bi) > i $p(2i) = ai,oi
i bi Convolutional Layer
(x2,22)9  #(x4,24)
o W
Encoder >m_ms%‘(xa.zg) i ’/_: :0
Convolution (x6,26) 3 (f};les))
Convolution mij = e (2,2 |1xi —x;112) [Axij = (xi —x;) tanh g (i
Convolution
Convolution
Decoder
Xis i xi<—xi+ﬁZij Zi<—¢n(livﬁ2fmij)
Action Distribution Action
X~ N (i, 07,x) [ acton varavie o
af ~
N(ai, o)

Encoder, message passing, and action decoder

Vertices are graph nodes; mesh edges carry

messages.

@ Position updates use relative coordinates and
are translation- and rotation-equivariant.

@ Interior equilateral regions are unchanged by
construction.

@ The position update is inspired by
force-based DistMesh smoothing.

@ PPO trains the stochastic edit policy and a

shared-architecture critic.



The decoder predicts position and edit distributions at every vertex:

{xia ai,d7 ai,(E? ai,t7 Oi,x, Ui,a]-

Continuous decision Discrete decisions
@ Sample a new position for each movable ® «; 4 < v: delete vertex i.
vertex. ® oy < v: insert on an edge.
@ Equivariance preserves the geometry of ® «;; < v: insert in a triangle.
the problem.

The number of possible actions grows and shrinks with the mesh; the GNN shares parameters

across all of them.
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RL Mesh step 2
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RL Mesh step 3
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RL Mesh step 9
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RL Mesh step 11
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RL Mesh step 13

7.5 1

5.0 1

2.5 A

0.0 -

—-2.54

—-5.0 4

—-7.5 1

-7.5 -50 -2.5

0.0

25

5.0

7.5

10.0




RL Mesh step 14
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RL Mesh step 15
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Volume Quality
Volume Quality

-0.25 -0.25

-0.50 -0.50

-0.75 -0.75

-1.00 -1.00

wg, = we = 0.5: good angles and edge lengths w, = 1: more uniform element areas

@ Tailoring the reward reliably changes the learned meshing preference.
@ Stochastic evaluation can outperform deterministic action selection.

@ No retraining labels are needed when the desired metric changes.
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@ The policy was trained on random polygons, not
airfoils.

@ The learned mesh is broadly acceptable on this
out-of-distribution geometry.

@ DistMesh remains stronger near the sharp trailing
edge.

@ Generalization across geometry and resolution

remains the central challenge.



-mary: Learning Geometry

What worked
@ A GNN can jointly move, insert, and delete mesh vertices.
@ Delaunay triangulation cleanly separates learned geometry
from connectivity.
@ Explicit quality rewards produce interpretable meshing

preferences.

.

Current limitations
@ Performance is strongest near the training distribution.
@ Classical methods still handle difficult boundaries more
robustly.
@ A complete learned mesher must ultimately coordinate

topology and geometry.

A

100

75

50

25

50

1.0

0.8

°
S
Element Quality

°
kS

0.2

0.0



© Poart IV: Escaping Local Optima in 3D



Topology Is a Harder Test

From 2D demonstrations to a 3D capability test
@ Tetrahedral quality depends strongly on connectivity, even
with fixed vertices.
@ Valid 2-3 and 3-2 flips give a compact, purely topological
action space.
@ Greedy improvement stops when every single valid flip looks

WOrse.

@ Reaching a better topology may require a deliberate temporary
loss in quality.

The question is no longer only whether RL can choose good edits:
Can it learn to make a sacrifice now in order to escape a
local optimum later?

greedy plateau
Y

temporary quality dip

\
better topology



2-3 Flip: 1 interior face - 1 interior edge 3-2 Flip: 1 interior edge - 1 interior face
(+1 tetrahedron) (—1 tetrahedron)
2-3 3-2
flip flip
—_— —_—
2 tets share 3 tets share 3 tets share 2 tets share
face ABC edge DE edge DE face ABC
12 (3V)%/3

@ Actions: 2-3 flips (interior faces), 3-2 flips Per-tet quality: ¢ = - 72
2
(valence-3 edges) Global score:

e Fixed vertices — topology only Oustimin — —7 log % S emn/7, 7 = 0.05



Sacrifice Dataset Generation Pipeline (k= 20, threshold=0.05, target N=2000)

Keep if:
greedy\ score
< Tgood SCOTE

Grid-125 Sample P Random Walk Quick Greedy

Source Dataset from source; k=20 valid Filter
(2000 samples, start from flips on Tgoou patience=30

. - 0.05
d Toooc =
mat file) go0d > Thad max\_steps=150 T (B o)

reject to .npz
(greedy ok)

@ Random-walk k = 20 flips away from T,..q; keep instance if greedy stalls > 0.05 below
e N = 2000 instances (5 x 5 x 5 cube grids, ~ 400 tets) — mean greedy gap 0.213




Reward Signal Design: Base vs Sacrifice Task

Base Task: 1-Step Delta Reward Sacrifice Task: w = 8 Lookback Reward
0.0 (sacrifice move - negative reward) re=qr—qr - g (dip tolerated)
.04
0.04 w=8 lookback window
0.02 4
° ° 0.02 1
£ 0.00- 2
& & 0.00 1
—0.021 sacrifice ~0.02 -
penalized
-0.04 T T T T T —0.04 T T T
re=Aqe re=»Aqe re=Aqe re=Aqe re=Aqe 0 1 2 3 4
Step t Step t

W Positive reward B Near-zero (tolerated dip) B Negative reward

@ 1-step reward 1 = AQsoftmin X 10 penalizes every dip — sacrifice moves never learned
@ Lookback: r; = (Qsoftmin (a;) — Qsoftmin (qt_w)) X 10, w=38
@ Dips shorter than w — near-zero reward; recovery — positive — same actions, same

network



Mesh3DActorCritic — EGNN-Based Actor-Critic Architecture (~527K params, d_h=96)

Face Features

2-dim
(Fourier log-area,
ngl ct ratio,

e Nodes = candidate actions (edges + faces) — 4 EGNN layers, d;, = 96, 527K
parameters

@ Masked categorical over F + F' logits - critic: pooled embedding + 8 quality features



PPO Training — Sacrifice Task (Unscaled Reward)

envs X rollout x rounds 32 x 50 x 180

discount / GAE v =0.985/ A=0.93 .
clip / epochs / minibatch  0.15 / 10 / 128 oot
learning rate 2x107* = 107° .

. 0.03 1H [ TR
entropy coefficient 0.004 — 0.0012 N
episode cap / patience 150 / 50 steps 002 &I

uf

@ Reward peaks at round 130 — round-129 0.0l

Average Reward (unscaled rollout mean)

checkpoint used at evaluation

0.00

0 25 50 75 100 125 150 175
Round



Evaluation on Sacrifice Dataset (200 hard instances)

o
©
|

0.7309 0.7332

. Gap clogéd
+0.2136/(99
0.5173
’ 0.2305
0.0 . ; ; ; |

Initial Greedy RL Agent Tgood
(bad mesh) baseline (round-129) (reference)

o
~
L

Softmin Score (higher = better)
o o o o o
N w B w o

o
=
L

@ 200 held-out hard instances: greedy 0.517 — agent 0.731 vs. Tgo0q 0.733
@ Agent beats greedy on 195/200 - final meshes: 372.9 tets, below the 384-tet reference



Performance by Difficulty Decile

0.8

0.7 A

0.6
o
o
O
w
c
€ 0.51
&
o
)

0.4

0.3 1 == Tyo0q reference

mmm Greedy baseline
= RL Agent(round 129)
0.2 -—
o"%\ o@\ 01,\\ c"l‘\ 1“’3\ 3‘9’\ "ﬁ‘\’\ N '5“°\ o
Sl Sid @ il o\ 5 R A o o
S S S 8 S N > ? & >

Greedy gap bin (decile, hardest instances rightmost)

@ Hardest decile: greedy 0.29 vs. agent 0.68 (+0.39) — agent ~ 0.72-0.75 in most bins



Reward design, not architecture: an 8-step lookback unlocks sacrifice behavior.
Local, scale-free features 4+ equivariance: nothing in the policy is tied to cube geometry.
Hard instances benefit most: the agent closes 99% of the greedy gap.

Unexpected structural benefit: 372.9 vs. 384 tetrahedra at near-reference quality.

In progress: sphere meshes for zero-shot transfer and retraining.

Code: github.com/wanzhoulei/3d-meshing-run



@ Conclusions



Representation What the policy learns Main result
I half-edge template repair connectivity near-optimal 2D regularity
Il DCEL neighborhood construct connectivity triangles, quads, hexagons

Il geometric mesh graph place and count vertices  quality-driven node placement
IV equivariant flip graph  cross quality barriers 99% of greedy gap closed

The common pattern is

mesh state — GNN policy — valid edit — quality reward.

The scientific choices are the representation, action language, and objective.



-uilusions and Open Problems

What these studies demonstrate
@ Meshing can be posed as sequential decision-making, not only as a fixed heuristic pipeline.

@ Self-supervision from explicit quality metrics can discover nontrivial editing strategies.
@ Graph representations allow policies to operate on changing, unstructured meshes.

@ Reward design determines which behavior is learnable—including temporary sacrifices.

@ Couple topology and geometry in one policy.

@ Enforce validity and robustness outside the training distribution.
@ Generalize across element types, resolution, geometry, and dimension.

@ Use learned policies alongside classical algorithms where each is strongest.
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Part 1: Quad/triangle improvement using flips: https://github.com/ArjunNarayanan/Quadrl

Part 2: Polygonal decompositions: https://github.com/ArjunNarayanan/MeshRL

Part 4: Tetrahedral improvement using flips: github.com/wanzhoulei/3d-meshing-run

Thank you!!
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